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SUMMARY 

A v i s c o p l a s t i c  c o n s t i t u t i v e  theory  i s  p resented  f o r  r e p r e s e n t i n g  the  h i g h -  
temperature de fo rma t ion  behav io r  o f  metal m a t r i x  composi tes.  The p o i n t  o f  v iew 
taken I s  a cont inuum one where t h e  composite i s  cons idered a m a t e r i a l  i n  i t s  
own r i g h t ,  w i t h  i t s  own p r o p e r t i e s  t h a t  can be determined f o r  t h e  composite as 
a whole. I t  i s  presumed t h a t  a s i n g l e  p r e f e r e n t i a l  ( f i b e r )  d i r e c t i o n  I s  i d e n  
t i f i a b l e  a t  each m a t e r i a l  p o i n t  (cont inuum element)  a d m i t t i n g  t h e  i d e a l i r d t l o n  
o f  l o c a l  t ransve rse  i s o t r o p y .  A key i n g r e d i e n t  I n  t h i s  work i s  t h e  s p e c i f i r a  
t l o n  o f  an exper imenta l  program f o r  the complete d e t e r m i n a t i o n  o f  t h e  m a t e r l d l  
f u n c t i o n s  and parameters f o r  c h a r a c t e r i z i n g  a p a r t i c u l a r  meta l  m a t r i x  compos 

w i t e .  The parameters r e l a t i n g  t o  t h e  s t r e n g t h  o f  a n i s t r o p y  can be determined 
th rough t e n s i o n / t o r s i o n  t e s t s  on l o n g i t u d i n a l l y  and c i r c u m f e r e n t i a l l y  r e i n -  
f o r c e d  t h i n - w a l l e d  tubes .  Fundamental a s p e c t s  o f  t h e  theo ry  a r e  exp lo red  
th rough a geometr ic  i n t e r p r e t a t i o n  o f  some bas ic  f e a t u r e s  analogous t o  those 
o f  t h e  c l a s s i c a l  t h e o r y  o f  p l a s t i c i t y .  
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I N T R O D U C l  I O N  

S t r u c t u r a l  a l l o y s  used i n  h i g h  temperature a p p l i c a t i o n s  e x h i b i t  complex 
thermomechanical behav io r  t h a t  i s  i n h e r e n t l y  t ime-dependent and h e r e d i t a r y ,  i n  
t h e  sense t h a t  c u r r e n t  behav io r  depends n o t  o n l y  on c u r r e n t  c o n d i t i o n s  b u t  on 
thermomechanical h i s t o r y .  Considerable a t t e n t i o n  i s  now be ing  focused on meta l  
m a t r i x  composi te  m a t e r i a l s  t h a t ,  i n  a d d i t i o n ,  possess s t r o n g  d i r e c t i o n a l  char -  
a c t e r i s t i c s .  I n  h i g h  temperature a p p l i c a t i o n s  these m a t e r i a l s  e x h i b i t  a l l  t h e  
c o m p l e x i t i e s  o f  conven t iona l  a l l o y s  (e .g . ,  creep,  r e l a x a t i o n ,  recove ry ,  r a t e  
s e n s l t l v i t y ,  e t c . )  and, I n  a d d i t i o n ,  t h e i r  s t r o n g  i n i t i a l  a n i s t r o p y  adds f u r -  
t h e r  c o m p l e x i t i e s .  

Here, we p resen t  a continuum theory  aimed a t  r e p r e s e n t i n g  t h e  h i g h -  
temperature,  t ime-dependent, h e r e d i t a r y  de fo rma t ion  behav io r  o f  m a t e r i a l s  t h a t  
a r e  i n i t i a l l y  t r a n s v e r s e l y  i s o t r o p i c .  I t  i s  i n tended  t h a t  t h e  t h e o r y  i s  
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a p p l i c a b l e  t o  m a t e r i a l s ,  p a r t i c u l a r l y  m e t a l l i c  composi tes,  t h a t  can be i d e a l -  
i z e d  as psuedo-homogeneous con t inua  w i t h  l o c a l l y  d e f i n a b l e  d i r e c t i o n a l  
c h a r a c t e r i s t i c s .  

The p o i n t  o f  v iew adopted here  i s  t h a t  t h e  composi te  m a t e r i a l  i s  a mate- 
r i a l  i n  i t s  own r i g h t ,  w i t h  i t s  own p r o p e r t i e s  t h a t  can be measured and spec i -  
f i e d  f o r  t h e  composite as a whole.  Exper iments f o r  t h i s  purpose a r e  o u t l i n e d  
i n  d e t a i l  i n  the f o u r t h  s e c t i o n  o f  t h e  paper .  Th i s  v i e w p o i n t  i s  aimed a t  
s a t i s f y i n g  t h e  s t r u c t u r a l  a n a l y s t  o r  des ign  eng ineer  who needs reasonab ly  s i m - -  
p l e  cont inuum methods o f  s t r u c t u r a l  a n a l y s i s  t o  p r e d i c t  de fo rma t ion  behav io r  
i n  complex m u l t i a x i a l  s i t u a t i o n s ,  p a r t i c u l a r l y  a t  h i g h  tempera ture  where mate- 
r i a l  response i s  enormously complex. Indeed,  t h e  p r e d i c t i o n  o f  component 
l i f e t i m e  depends c r i t i c a l l y  on t h e  accu ra te  p r e d i c t i o n  o f  de fo rma t ion  behav io r .  

The a l t e r n a t i v e  approach i s  concerned w i t h  d e t a i l e d  i n t e r a c t i o n s  o f  t h e  
c o n s t i t u e n t s  o f  t h e  composi te,  i . e . ,  f a b r i c a t i o n ,  bonding,  and concern w i t h  
t h e  r e l a t i o n  o f  t h e  p r o p e r t i e s  o f  t h e  composi te  t o  t h e  i n d i v i d u a l  p r o p e r t i e s  
o f  t he  f i b e r  and m a t r i x .  C l e a r l y ,  such problems a r e  o f  g r e a t  impor tance and 
t h e  two approaches mentioned a r e  n o t  m u t u a l l y  e x c l u s i v e .  Here however, t h e  
former (cont inuum) p o i n t  o f  v iew w i l l  be emphasized. Th is  i s  done i n  t h e  same 
s p i r i t  t h a t  t h e  t h e o r i e s  of  e l a s t i c i t y ,  p l a s t i c i t y ,  v i s c o e l a s t i c i t y ,  e t c .  a r e  
fo rmu la ted  on the b a s i s  of macroscopic obse rva t i ons ,  w i t h o u t  d i r e c t  cons idera-  
t i o n  o f  t h e  d e t a i l s  o f  i n t e r m o l e c u l a r ,  i n t e r g r a n u l a r  o r  i n t e r d i s l o c a t i o n  i n t e r -  
a c t i o n s .  O f  course, t h i s  i s  n o t  t o  i m p l y  t h a t  q u a l i t a t i v e  (and q u a n t i t a t i v e )  
unders tand ing  of behav io r  on t h e  m i c r o s c a l e  should n o t  s t r o n g l y  i n f l u e n c e  the  
f o r m u l a t i o n  and s t r u c t u r e  o f  phenomenological  t h e o r i e s .  

l h e  au thors  a r e  hope fu l  t h i s  research  w i l l  complement o t h e r  ongoing 
e f f o r t s  a t  NASA Lewis Research Center  r e l a t i n g  t o  t h e  h i g h  tempera ture  behav io r  
o f  meta l  m a t r i x  composi tes ( r e f s .  1 t o  5 ) .  I n g r e d i e n t s  o f  t h e  p r e s e n t  work,  
b e l i e v e d  e s s e n t i a l  i n  r e p r e s e n t i n g  t h e  t ime-dependent ,  h e r e d i t a r y  behav io r  o f  
meta ls ,  may prove h e l p f u l  i n  ex tend ing  t h e  micromechanics equat ions  f o r  t h e  
thermal  and mechanical  behav io r  o f  composi tes p resented  i n  re fe rences  1 and 2 
t o  i n c l u d e  some i m p o r t a n t  v i s c o p l a s t i c  f e a t u r e s .  

STATEMENT OF 1 H E  rHEORY 

Th is  work i s  an ex tens ion  o f  t h a t  by Robinson ( r e f .  6 )  and i n c l u d e s  t h e  
former work a s  a s p e c i a l  case. I n  r e f e r e n c e  6, t h r e e  m a t e r i a l  parameters were 
necessary t o  account f o r  t r a n s v e r s e  i s o t r o p y  over  and above those  necessary 
f o r  r e p r e s e n t i n g  i s o t r o p i c  v i s c o p l a s t i c  behav io r .  Here, f o u r  parameters have 
t o  be s p e c i f i e d  ( f i g .  1 ) .  l h e  a d d i t i o n a l  parameter a r i s e s  f r o m  a l e s s  r e s t r i c -  
t i v e  s e t  o f  assumptions made i n  t h e  t h e o r e t i c a l  development.  D e f i n i t i o n  o f  
t h e  a d d i t i o n a l  parameter leads t o  more t e s t i n g  t o  c h a r a c t e r i z e  a p a r t i c u l a r  
m a t e r i a l ,  b u t  a t  t h e  same t i m e  o f f e r s  t h e  d i s t i n c t  advantage o f  g r e a t e r  f l e x i -  
b i l i t y  i n  c o r r e l a t i n g  p r e d i c t i o n s  w i t h  exper imen ta l  da ta .  

A s  i n  re fe rence  6, t h e  s t a r t i n g  p o i n t  i s  t h e  assumed e x i s t e n c e  of  a d i s -  
s i p a t i o n  p o t e n t i a l  f u n c t i o n  ( r e f s .  7 t o  9 ) .  
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w i t h  t h e  g e n e r a l i z e d  n o r m a l i t y  s t r u c t u r e  

. 

. 

Here, a i j  and a i j  denote t h e  components o f  t h e  a p p l i e d  and i n t e r n a l  s t r e s s  
tenso rs ,  r e s p e c t i v e l y ,  j denotes the components o f  t h e  i n e l a s t i c  s t r a i n  
r a t e  tenso r ,  h i s  a s c a l a r  f u n c t i o n  of t h e  i n t e r n a l  s t r e s s  and T i s  t h e  
tempera ture .  A l though R i s  shown as a f u n c t i o n  o f  temperature,  o n l y  i s o -  
thermal  de format ions  w i l l  be considered i n  t h e  f o l l o w i n g  development.  Exten- 
s i o n  t o  non iso thermal  c o n d i t i o n s  fo l l ows  as i n  r e f e r e n c e  10. 

I n  t h e  f u l l y  i s o t r o p i c  case, t h e  s t r e s s  dependence o f  R e n t e r s  o n l y  
th rough  t h e  p r i n c i p a l  i n v a r i a n t s  o f  the d e v i a t o r i c  a p p l l e d  and i n t e r n a l  s t r e s -  
ses ( r e f .  10) .  For t r a n s v e r s e  i s o t r o p y ,  R must depend a d d i t i o n a l l y  on t h e  
l o c a l  p r e f e r e n t i a l  ( f i b e r )  d i r e c t i o n  denoted by t h e  components o f  a u n i t  vec- 
t o r  d i  ( o r ,  as t h e  sense o f  d i  i s  immater ia l ,  on t h e  components o f  a sym- 
m e t r i c  d i r e c t i o n a l  t enso r  d j d j ) .  Form i n v a r i a n c e  ( o b j e c t i v i t y )  o f  R 
r e q u i r e s  t h a t  i t  depend o n l y  on i n v a r i a n t s  o f  t h e  a p p l i e d  and i n t e r n a l  s t r e s -  
ses, t h e  d i r e c t i o n a l  tensor  and c e r t a i n  p roduc ts  o f  these tenso rs  ( r e f .  1 1 ) .  

A subset  o f  t h e  i r r e d u c i b l e  s e t  o f  i n v a r i a n t s  f o r  f o rm i n v a r i a n c e  ( i n t e g -  
r i t y  b a s i s )  i s  used ( r e f .  1 1 ) ,  i . e . ,  

2 
I2 = i j c j k  c,, - 413 (5) 

where 11 denotes t h e  components o f  the  e f f e c t i v e  s t r e s s ,  i . e . ,  t h e  d i f f e r -  
ence o f  t i! e d e v i a t o r i c  a p p l i e d  and i n t e r n a l  s t resses .  11 r e l a t e s ,  as i n  t h e  
i s o t r o p i c  case, t o  t h e  e f f e c t i v e  oc tahedra l  shear s t r e s s ,  I 2  r e l a t e s  t o  t h e  
shear component o f  t h e  e f f e c t i v e  t r a c t i o n  on t h e  p lane  o f  i s o t r o p y  ( p l a n e  no r -  
mal t o  d i ) .  I3  corresponds t o  t h e  normal component o f  t h e  e f f e c t i v e  t r a c -  
t i o n  a l o n g  d i .  

l a k i n g  R t o  be dependent on the  a p p r o p r i a t e  i n v a r i a n t s  and u s i n g  
equa t ions  ( 2 )  and ( 3 ) ,  t h e  f l o w  law becomes 

t d d - 413dldj 
j k  k i  j k  

- 4I3tFf;)(3didj 2 - A i j ) 1  ( 7 )  
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and t h e  e v o l u t i o n a r y  law becomes 

i -  -- H - RGm-’1aij - (.‘ 2 l)(dkdiajk + djdkaki - 41jdidj) 
n i j  - ‘ij 

w i t h  

and 

The f u n c t i o n  f ( F )  and t h e  m a t e r i a l  parameters m, 0, R ,  H, and K 1  a r e  
a5soc ia ted  w i t h  the  v i s c o p l a s t i c  response ( r e f .  1 0 ) ;  t h e  components o f  t h e  
u n i t  vec to r  d i  ( s p e c i f i e d ,  say. i n  terms o f  two E u l e r  ang les ) ,  and w and 
0 ,  a r e  t h e  f o u r  parameters assoc ia ted  w i t h  t h e  d i r e c t i o n  and s t r e n g t h  o f  
t r a n s v e r s e  i s o t r o p y  ( f i g .  1 ) .  I ; ,  1;. I i  a r e  i n v a r i a n t s  o f  t h e  d e v i a t o r i c  
i n t e r n a l  s t r e s s  
w i t h  w = TI = 1 equat ions  ( 7 )  t o  (10 )  reduce t o  t h e  i s o t r o p i c  forms r e p o r t e d  
i n  r e f e r e n c e  10. The d e t a i l s  o f  t h e  d e r i v a t i o n  o f  equat ions  ( 7 )  t o  (10)  a r e  
l e f t  t o  t h e  re fe rences  6, 10, and 11. 

a i j ,  s i m i l a r  i n  fo rm t o  equat ions  ( 4 )  t o  ( 6 ) .  Note t h a t  

For a p a r t i c u l a r  composi te  m a t e r i a l  t h e  parameters w and TI, d e s i g n a t -  
i n g  t h e  s t r e n g t h  o f  a n i s o t r o p y ,  depend upon t h e  i n d i v i d u a l  c o n s t i t u e n t  m a t e r i -  
a l s  ( f i b e r  and m a t r i x )  and on t h e i r  volume r a t i o .  D i f f e r e n t  volume r a t i o s  
i n v o l v i n g  t h e  same c o n s t i t u e n t s  a r e  cons idered d i f f e r e n t  m a t e r i a l s .  
i n g  t h e  p resen t  theo ry  t o  a r b i t r a r i l y  l a r g e  de fo rma t ions ,  t h e  l o c a l  volume 
r a t i o  may change i n  t h e  course o f  de fo rma t ion  (as  does t h e  l o c a l  d e n s i t y  i n  an 
i s o t r o p i c  m a t e r i a l ) ,  i n  which case e v o l u t i o n a r y  laws f o r  o and n must be 
s p e c i f i e d .  A l s o ,  f o r  l a r g e  de format ions  and/or  r o t a t i o n s ,  t h e  p r e f e r e n t i a l  
d i r e c t i o n  d i  may convect  w i t h  t h e  m a t e r i a l  r e s u l t i n g  i n  i n c r e a s i n g  a n i s o t -  
r o p i c  inhomogenelty. P resen t l y ,  l a r g e  de fo rma t ions  and r o t a t i o n s  a r e  n o t  
cons idered . 

I n  extend-  

SOME FUNDAMENTAL IMPLICATIONS OF THE 1 H E O R Y  

A s  i n  t h e  e a r l i e r  works ( r e f s .  6 and 10) F p l a y s  t h e  r o l e  o f  a Bingham- 
Prager t h r e s h o l d  s t r e s s  f u n c t i o n ;  i n e l a s t i c  response occurs o n l y  f o r  F > 0. 
l h e  s u r f a c e  
e l a s t i c  behavior  o n l y .  F = 0 on t h e  
u l l  - a22 p lane f o r  f u l l  i s o t r o p y  ( 0  = 0 = 1 )  and t h e  v i r g i n  s t a t e  ( a i j  N 0 ) .  
An i n f i n i t e  f a m i l y  o f  su r faces  F = cons tan t  i s  a s s o c i a t e d  w i t h  each i n e l a s t i c  
s t a t e .  The d i r e c t i o n  o f  t h e  i n e l a s t i c  s t r a i n  r a t e  v e c t o r  a t  each s t r e s s  p o i n t  

F = 0 i n  t h e  s t r e s s  space enc loses s t r e s s  s t a t e s  t h a t  produce 
F i g u r e  2 shows a t y p i c a l  p r o j e c t i o n  o f  

4 



on a g i v e n  s u r f a c e  i s  d i r e c t e d  normal t o  t h e  su r face .  The e x i s t e n c e  of these 
sur faces  and t h e  concept o f  n o r m a l i t y  'has been demonstrated e x p e r i m e n t a l l y  f o r  
t h e  i s o t r o p i c  case i n  r e f e r e n c e  12. 

F i g u r e  3 shows t h e  cor respond ing  p r o j e c t i o n  o f  f = 0 on t h e  611 - a22 
p lane  f o r  t h e  t r a n s v e r s e l y  i s o t r o p i c  case w i t h  f o r  each cu rve  
shown, t h e  p r e f e r e n t i a l  d i r e c t i o n  i s  taken t o  l i e  i n  t h e  XI, X 2  p h y s i c a l  
p lane  w i t h  a s p e c i f i e d  ang le  ~p r e l a t i v e  t o  t h e  X i  a x i s .  These curves ,  as 
i n  f i g u r e  2, correspond t o  t h e  v i r g i n  s t a t e .  The shape and o r i e n t a t i o n  o f  t h e  
sur faces  F = 0 (and a l l  sur faces  F = c o n s t a n t )  now depend on t h e  l o c a l  p r e f -  
e r e n t i a l  d i r e c t i o n  d i .  N o t e ,  f o r  i ns tance ,  t h a t  f o r  ~p = 0, t h e  i n t e r c e p t  on 
t h e  611 a x i s  i s  t h e  t h r e s h o l d  s t r e s s  YL  ( see  f i g s .  1 and 3 ) ,  t h e  i n t e r c e p t  
on t h e  622 a x i s  I s  YT  and w = ( Y L / Y T )  = 2. 

o = TI = 2. 

A s  an i n t e r e s t i n g  and i l l u s t r a t i v e  example, cons ide r  t h e  s t r e s s  p a t h  a l l  = 
2622 t h a t  i s  denoted as a d o t t e d  l i n e  i n  f i g u r e s  2 and 3 .  Th i s  i s  e q u i v a l e n t  
t o  t h e  s t r e s s  s t a t e  i n  a t h i n  w a l l e d  tube w i t h  c losed  ends under i n t e r n a l  p res -  
sure,  where 611 I s  t h e  c i r c u r n f e r e n t l a l  o r  hoop s t r e s s  and 6 2 2  t h e  a x i a l  
s t r e s s .  Wi th  i n c r e a s i n g  pressure ,  t h e  s t r e s s  p o i n t  e v e n t u a l l y  reaches the  
s u r f a c e  F = 0 and t h e  tube begins t o  deform i n e l a s t i c a l l y .  I n  f i g u r e  2,  c o r -  
respond ing  t o  t h e  i s o t r o p i c  tube,  i n e l a s t i c  de fo rma t ion  occurs as i n d i c a t e d  by 
t h e  s t r a i n  r a t e  v e c t o r  shown. Normal i t y  d i c t a t e s  t h a t  t h e  a x i a l  s t r a i n  r a t e  
222 i s  zero,  i . e . ,  t h e  tube i n c u r s  no i n e l a s t i c  change i n  l e n g t h .  Con t ras t  
t h i s  behav io r  w i t h  t h a t  o f  f i g u r e  3 w i t h  ~p = 0. Th is  case rep resen ts  a 
c i r c u m f e r e n t i a l l y  r e i n f o r c e d  tube w i t h  a t h r e s h o l d  s t r e s s  i n  t h e  c i r cumfe ren -  
t i a l  d i r e c t i o n  t h a t  i s  t w i c e  t h a t  o f  t h e  a x i a l  d i r e c t i o n .  Now as F = 0 i s  
reached and i n e l a s t i c i t y  begins t o  occur, t h e  (normal )  s t r a i n  r a t e  v e c t o r  has 
a r e l a t i v e l y  l a r g e  a x i a l  component ;22. 
i n e l a s t i c  a x i a l  ex tens ion .  Thus t h e  mode o f  i n e l a s t i c  de fo rma t ion  has changed 
q u a l i t a t i v e l y  w i t h  re in fo rcemen t .  S i m i l a r  obse rva t i ons  a r e  w e l l  documented 
f o r  t ime- independent  r e i n f o r c e d  s t r u c t u r e s  ( r e f .  1 3 ) .  

The t h i n  tube now exper iences  

EXPERIMENTAL D E T E R M I N A T I O N  O F  MATERIAL PARAMErERS 

Two types o f  specimens a re  presumed t o  be a v a i l a b l e ,  t h i n - w a l l e d  compos- 
i t e  tubes t h a t  a r e  l o n g i t u d i n a l l y  r e i n f o r c e d  ( h a v i n g  a s i n g l e  f i b e r  d i r e c t i o n  
o r i e n t e d  a x i a l l y )  and those t h a t  a r e  c i r c u m f e r e n t i a l l y  r e i n f o r c e d  ( c i r c u m f e r -  
e n t i a l  f i b e r  o r i e n t a t i o n ) .  Each t y p e  o f  t ube  w i l l  be loaded e i t h e r  i n  pu re  
t o r s i o n  o r  i n  pu re  t e n s i o n .  A l though no t  d iscussed here ,  combined t e n s i o n /  
t o r s i o n  exper iments can be used as v e r i f i c a t i o n  t e s t s  t o  assess t h e  c o r r e c t -  
ness o f  t h e  m u l t i a x i a l  t heo ry  ( r e f .  12) .  As  i s  w e l l  known, t h e  t h i n - w a l l e d  
tube I s  an i d e a l  specimen f o r  t h e  development o f  c o n s t i t u t i v e  r e l a t i o n s h i p s  i n  
t h a t  i t  p rov ides  a n e a r l y  homogeneous and u n i f o r m  r e g i o n  o f  s t r e s s  and s t r a i n ,  
and i s  s t a t i c a l l y  de te rm ina te .  

Those parameters r e l a t i n g  t o  t h e  s t r e n g t h  o f  a n i s o t r o p y ,  w and n, and 
t h e  t h r e s h o l d  s t r e n g t h  
t y p e  t e s t s  (e.g., t h e  S C I S R  t e s t s  descr ibed i n  r e f .  12)  t h a t  a r e  des igned t o  
de termine  t h e  i n e l a s t i c  s t r a i n  r a t e  f o r  a g i v e n  s t r e s s  i n  t h e  neighborhood o f  
a cons tan t  i n e l a s t i c  s t a t e ,  here  t h e  i n i t i a l  ( v i r g i n )  s t a t e  o f  t h e  m a t e r i a l .  
Indeed, i t  i s  t h e  degree o f  i n i t i a l  t r ansve rse  i s o t r o p y  t h a t  i s  o f  i n t e r e s t  
here .  The p r o b i n g  t e s t ,  conducted p r o p e r l y ,  f u r n i s h e s  t h e  d e s i r e d  i n f o r m a t i o n  
w i t h o u t  s i g n i f i c a n t l y  changing t h e  s ta te .  

Y ~ ( E K l ( 4 w 2  - 1 ) l / 2 )  a r e  determined th rough  p r o b i n g  

5 



The m a t e r i a l  f u n c t i o n  f ( F )  and t h e  parameters m, 8, R ,  and H r e l a t -  
i n g  t o  t h e  v i s c o p l a s t i c  p r o p e r t i e s  o f  t h e  composi te  a r e  ob ta ined  f r o m  a combi- 
n a t i o n  o f  t h e  prob ing  t ype  t e s t s  i n d i c a t e d  above and c reep t e s t s  conducted on 
l o n g i t u d i n a l l y  r e i n f o r c e d  tubes ( o r  b a r s ) .  A l t e r n a t e l y ,  i n  p l a c e  o f  t h e  l a t -  
t e r  t e s t s ,  one cou ld  use t o r s i o n  t e s t s  on c i r c u m f e r e n t i a l l y  r e i n f o r c e d  tubes 
a r e  o u t l i n e d  i n  r e f e r e n c e  11. The p resen t  cho ice  o f  bas ing  t h e  v i s c o p l a s t i c  
parameters on u n i a x i a l  creep t e s t s  o f  a x i a l l y  r e i n f o r c e d  tubes i s  mo t i va ted  
by, (1)  t h e  r e l a t i v e  ease o f  f a b r i c a t i n g  l o n g i t u d i n a l l y  r e i n f o r c e d  t u b u l a r  
specimens,over those r e i n f o r c e d  c i r c u m f e r e n t i a l l y ,  and ( 2 )  t h e  advantage o f  
c h a r a c t e r i z i n g  the  i n e l a s t i c  response i n  t h e  c r i t i c a l  f i b e r  d i r e c t i o n  d i r e c t l y .  
In t h e  case o f  extreme re in fo rcemen t ,  e.g., a r e l a t i v e l y  h i g h  volume r a t i o  of 
very  s t r o n g  f i b e r s  t h a t  remain e s s e n t i a l l y  e l a s t i c ,  composi te  s t r u c t u r e s  a r e  
known t o  be "shear l i m i t e d "  ( r e f .  13)  and t h e i r  i n e l a s t i c  behav io r  i s  governed 
l a r g e l y  by t h e  shear response o f  t h e  m a t r i x .  Under these c o n d i t i o n s  i t  may be 
advantageous t o  de termine t h e  v i s c o p l a s t i c  parameters th rough  t h e  t o r s i o n a l  
c reep t e s t s  on c i r c u m f e r e n t i a l l y  r e i n f o r c e d  tubes d iscussed i n  r e f e r e n c e  11. 

F i r s t  cons ider  a p r o b i n g  t y p e  t e s t  on a l o n g i t u d i n a l  tube.  Pure t o r s i o n  
and pure  tens ion  probes a r e  schemat i ca l l y  i l l u s t r a t e d  as t h e  r e s p e c t i v e  pa ths  
o-a and o-b i n  the  a-T s t r e s s  space o f  f i g u r e  4 ( a ) .  Data f rom such t e s t s  
t a k e  t h e  fo rm o f  a sequence o f  s t r e s s  and i n e l a s t i c  s t r a i n  r a t e  p a i r s ,  (T,?) 
a long  o-a and (a , : )  a l o n g  o-b. These da ta  can be c o n v e n i e n t l y  p l o t t e d  as t h e  
s o l i d  curves a versus 2 and T versus .; i n  f i g u r e  5 .  E x t r a p o l a t i o n  
o f  t h e  u versus Z cu rve  i n  f i g u r e  5 t o  t h e  L = 0 a x i s  f u r n i s h e s  t h e  l o n -  
g i t u d i n a l  t h r e s h o l d  s t r e s s  Y L .  

S p e c i a l i z a t i o n  o f  equat ions  ( 9 )  and ( 7 )  f o r  t h e  p a t h  o--a i n  f i g u r e  4(a)  
r e s u l t s  i n  

2 
F = -  - 1  2 2  ' K T  

T 

and 

2T 2;12 = { = f ( F )  - 2 '  
rl 

i n  which ~ ( 3 1 2 )  i s  t h e  a p p l i e d  shear s t r e s s .  The co r respond ing  equat ions  
f o r  p a t h  o -b  are 

and 



where U ( _ U  ) i s  t h e  a p p l i e d  normal s t r e s s .  Now f o r  F = cons tan t  ( Q  = 

c o n s t a n t ) ,  equat ions  (11)  and (13)  g i v e  
11 

: b  1 /2 
9 T = (F-) 

\ 

w h i l e  equat ions  (12 )  and (14 )  combine t o  g i v e  

o r  

at = Ty . 
Thus, p o i n t s  (T,+) i n  f i g u r e  4 ( a )  a long  o - a  and (a,;) a l o n g  o-b hav ing  

the  same d i s s i p a t i o n  r a t e  l i e  on a common F = c o n s t a n t  (n = c o n s t a n t )  curve ,  
e .g. ,  as t h e  p a r t i c u l a r  p o i n t s  (TA, j ~ )  and (uA,;A) i n  f i g u r e  4 ( b ) .  

P a i r s  o f  p o i n t s  i n  t h e  p l o t  o f  f i g u r e  ( 5 )  t h a t  l i e  on an F = cons tan t  
l ocus  a r e  r e l a t e d  g e o m e t r i c a l l y  such t h a t  areas UAZA and T A ~ A  a r e  equa l .  
Severa l  such p a i r s  can be "matched up"  g i v i n g  an average va lue  o f  t h e  r a t i o  

cr = (f) . 
L T 

Thus, f r o m  equa t ion  (15)  

P rob ing  t y p e  t e s t s  on c i r c u m f e r e n t i a l l y  r e i n f o r c e d  tubes produce e n t i r e l y  
analogous r e s u l t s  t o  those d iscussed above f o r  l o n g i t u d i n a l l y  r e i n f o r c e d  
tubes;  c o u n t e r p a r t s  o f  f i g u r e s  4 ( a ) ,  4 (b) ,  and 5 can be c o n s t r u c t e d .  

The govern ing  equat ions  cor respond ing  t o  t h e  pu re  t o r s i o n a l  l o a d i n g  o f  
t h e  c i r c u m f e r e n t i a l  tube a r e  i d e n t i c a l  t o  equat ions  ( 1 1 )  and (12). l h e  equa- 
t i o n s  r e l a t i n g  t o  pu re  t e n s i o n  o f  t h e  c i r c u m f e r e n t i a l  tube a r e  

b 
\ 

and 

2 2  
a w  F = - 1  2 2 (4w - l ) K T  

2a 2 
2 

- = f ( F )  
4w - 1 cll - 
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A s  be fo re ,  f o r  F = cons tan t  (n = c o n s t a n t ) ,  equat ions  ( 1 1 )  and ( 2 0 )  combine 
t o  g i v e  

whereas equat ions  (12) and (21 )  g i v e  

o r  

b b  = TY . 

Again, p o i n t s  (T,+) i n  f i g u r e  4 ( a )  a long  o-a and (u,:) a long  o-b hav ing  equal  
d i s s i p a t i o n  r a t e s  f a l l  on a common F = cons tan t  cu rve  ( f i g .  4 ( b ) ) .  S i m i -  
l a r l y ,  "match ing up" p a i r s  o f  p o i n t s  cor respond ing  t o  F = cons tan t  curves and 
ave rag ing  g l  ves 

/ 2  

= (;) . 
C 

Making use o f  equat ion  ( 1 9 )  from t e s t s  on l o n g i t u d i n a l l y  r e i n f o r c e d  tubes,  and 
equa t ion  ( 2 5 )  f r o m  c i r c u m f e r e n t i a l l y  r e i n f o r c e d  tubes, r e s u l t s  i n  

and 

thereby  comp le te l y  c h a r a c t e r i z i n g  t h e  s t r e n g t h  o f  i n i t i a l  a n i s o t r o p y .  R e c a l l  
t h a t  t h e  l o n g i t u d i n a l  t h r e s h o l d  s t r e s s  Y ~ ( z K ~ ( 4 w 2  - 1 ) l / 2 )  i s  a l s o  known. 

Now we t u r n  t o  t h e  d e t e r m i n a t i o n  o f  t h e  remain ing  v i s c o p l a s t i c  m a t e r i a l  
parameters. As i n d l c a t e d  e a r l i e r ,  a l t hough  seve ra l  o p t i o n s  a r e  open i n  t h i s  
rega rd  ( i n c l u d i n g  t o r s i o n a l  t e s t s  on c i r c u m f e r e n t i a l l y  s t rengthened tubes as 
i n  r e f .  11 ) ,  t h e  cho ice  here  i s  t o  cons ide r  u n i a x i a l  c reep t e s t s  on l o n g i t u d i -  
n a l l y  r e i n f o r c e d  t h i n - w a l l e d  tubes.  Th is  i s ,  of course,  i n  a d d i t i o n  t o  t h e  
p r o b i n g  t e s t s  on l o n g i t u d i n a l  tubes a l ready  d iscussed.  T y p i c a l  r e s u l t s  of 
u n i a x i a l  creep t e s t s  a r e  i l l u s t r a t e d  i n  f i g u r e  6. 

Accord ing  t o  the p resen t  theo ry ,  t h e  gove rn ing  equat ions  f o r  t h e  c o n s i d -  
ered creep c o n d i t i o n s  a r e  
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n 1 
c =  F (a - S )  

,(4w2 - 1) 
\ 

and 

where 

Fn f ( F )  = - 
2lJ 

A 3R 
2 2( m-0) R =  

(4w - l ) Y L  

A 

0 = 20 

I A 

m = 2m 

Here, ;(:;11) i s  t h e  a x i a l  component o f  i n e l a s t i c  s t r a i n  r a t e  and 
t h e  u n i a x i a l  component o f  t h e  i n t e r n a l  s t a t e  v a r i a b l e  
equat ions  (32)  i n d i c a t e s  t h a t  t h e  f u n c t i o n  f ( F )  has been s p e c i a l i z e d  as a 
power f u n c t i o n  c h a r a c t e r i z e d  by t h e  cons tan ts  l~ and n. 

S(fa11) i s  
a j j .  The f i r s t  of  

Note f o r  f u t u r e  r e f e r e n c e  t h a t  f o r  F >> 0, equa t ion  (30 ) ,  t h e  f l o w  law, 
can be approx imated as 

2 n t l  
B(u - S )  (33 )  

where 

A lso ,  d u r i n g  t h e  " e a r l y "  p a r t  of p r imary  ( t r a n s i e n t )  c reep where s 
( f i g .  6 ) ,  t h e  e v o l u t i o n a r y  l aw  equat ion  (31 )  can be approx imated as 

i s  sma l l  
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The i n i t i a l  c reep r a t e  f o l l o w i n g  a b r u p t  a p p l i c a t i o n  o f  t h e  s t r e s s  u 
( f i g .  6 ) ,  I s  expressed by equa t ion  (33 )  w i t h  s cv 0, 4.e.. 

2 n t l  (36 )  
E = BU 

I n f o r m a t i o n  f o r  de te rm in ing  B and n can be ob ta ined  d i r e c t l y  f rom t h e  i n i -  
t i a l  c reep r a t e s  as i l l u s t r a t e d  i n  f i g u r e  6, o r  a l t e r n a t i v e l y ,  and more accu- 
r a t e l y ,  f rom t h e  da ta  generated f rom t h e  p r o b i n g  t e s t s  a l r e a d y  considered,  
i . e . ,  t h e  u versus i da ta  i l l u s t r a t e d  i n  f i g u r e  5.  Assuming these da ta  
c o r r e l a t e  w i t h  equat ion  (36 ) ,  a p l o t  o f  log(:) versus l o g ( a )  p rov ides  b o t h  n 
and B d i r e c t l y  ( f i g .  7 ) .  I f  c o r r e l a t i o n  w i t h  equa t ion  (36 )  i s  n o t  s a t i s f a c -  
t o r y  a d i f f e r e n t  f u n c t i o n  f ( F )  may have t o  be cons idered i n  t h e  f i r s t  o f  
equat ions  ( 3 2 ) .  Here, i t  I s  assumed t h a t  t h e  power law form I s  a p p r o p r i a t e  
(as  has been found f o r  seve ra l  i s o t r o p i c  a l l o y s )  and t h a t  n and 6 can be 
determined.  Wi th  n, 8, W ,  and Y L  known, p i s  then  determined f rom 
equa t ion  ( 3 4 ) .  

Now we focus a t t e n t i o n  on s teady s t a t e  c reep i n f o r m a t i o n  ( f i g .  6 ) .  A t  
s teady s t a t e  i = 0, so f r om equa t ion  ( 3 1 )  

A i t 1  2. = ( R / H ) s S  
S (37)  

Steady s t a t e  creep d a t a  p rov ides  t h e  p a i r s  (u,is) b u t  w i t h  O ,  p, Y L ,  and n 
known, e q u a t i o n  (30) a l l o w s  s s  ( t h e  s teady s t a t e  i n t e r n a l  s t r e s s )  t o  be c a l -  
c u l a t e d  f o r  each p a i r ,  thus  g i v i n g  t b e  "da ta  pairs" ( C s , s s ) .  P l o t t i n g  log(;,) 
versus l o g ( s s )  p rov ides  va lues o f  ( R / A )  and m d i r e c t l y  as i n d i c a t e d  by t h e  
l o g a r i t h m i c  f o r m  o f  equa t ion  ( 3 7 )  and f i g u r e  8. The l a s t  o f  equat ions  (32 )  
f u r n l s h e s  t h e  exponent m. 

A t t e n t i o n  i s  now t u r n e d  t o  t h e  p r i m a r y  c reep s tage o f  t h e  c reep t e s t s .  
A s  i n d i c a t e d  i n  equat ion  (35), t h e  e v o l u t i o n  o f  s i n  t h e  " e a r l y "  stages of  
p r imary  c reep i s  governed by 

4 Z = (H/s ) L  . 
E l i m l n a t i n g  t i m e  and i n t e g r a t i n g  

r e s u l t s  i n  

A 

A 

s f i t ' / ( E t l )  = HE 

o r  I n  t ransposed l o g a r i t h m i c  fo rm 
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Now making use of equa t ion  ( 3 3 )  t o  so lve  f o r  s 

1 / 2 n t l  

s = u - ( 8 )  ( 4 2 )  

and s u b s t i t u t i n g  t h i s  r e s u l t  i n t o  equat ion  (41)  g i v e s  
> 

" E a r l y "  p r imary  c reep da ta  p rov ides  the  da ta  t r i p l e t s  ( u , ~ , ; )  a t  each t ime .  
Wi th  B and n known, these d a t a  can be p l o t t e d  ( f i g .  9 )  i n  t h e  fo rm o f  
equa t ion  (43 )  y i e l d i n g  i?(R + 1 )  and ( B  t 1 ) .  Us ing  equat ions  ( 3 2 ) ,  I3 and 
H can then  be determtned.  As Aa/fi i s  known f rom steady s t a t e  c reep da ta ,  
i n d i v i d u a l  va lues  f o r  fi and H can thus be found.  Fu r the r ,  making use o f  
t h e  second and t h i r d  o f  equat ions  (32 ) ,  t h e  parameters R and H a r e  then  
known. 
m, 0,  R, and H a r e  comp le te l y  determined, as a r e  t h e  measures o f  t h e  s t r e n g t h  
o f  t r a n s v e r s e  i s o t r o p y ,  o and n. 

Thus f i n a l l y ,  t h e  v i s c o p l a s t i c  parameters Y L ( : K T ( ~ o ~  - 1 ) 1 / 2 ) ,  p ,  n, 

SUMMARY AND CONCLUSIONS 

A c o n s t i t u t i v e  t h e o r y  i s  presented f o r  r e p r e s e n t i n g  t h e  h igh - tempera tu re ,  
t ime-dependent, h e r e d i t a r y  behav io r  o f  m a t e r i a l s  t h a t  can be i d e a l i z e d  as i n i -  
t i a l l y  t r a n s v e r s e l y  i s o t r o p i c .  I n  p a r t i c u l a r ,  t h e  t h e o r y  I s  a p p l i c a b l e  t o  
me ta l  m a t r i x  composi te  m a t e r i a l s  a t  e leva ted  tempera ture  where t h e i r  mechani- 
c a l  behav io r  i n c l u d e s  s i g n i f i c a n t  v i s c o p l a s t i c i t y ,  e.g., c reep,  r e l a x a t i o n ,  
thermal  recovery ,  e t c . ,  and, a t  t h e  same t ime  a r e  s t r o n g l y  d i r e c t i o n a l .  I t  i s  
presumed t h a t  a s i n g l e  p r e f e r e n t i a l  ( f i b e r )  d i r e c t i o n  t s  i d e n t i f i a b l e  a t  each 
m a t e r i a l  p o i n t  a d m i t t i n g  t h e  i d e a l i z a t i o n  o f  l o c a l  t r a n s v e r s e  I s o t r o p y .  
A l though n o t  addressed he re  t h e  theo ry  can be extended, a t  t h e  expense o f  some 
a d d i t i o n a l  comp lex i t y ,  t o  account  f o r  two ( o r  more) i d e n t i f i a b l e  p r e f e r e n t i a l  
d i r e c t i o n s  a t  each m a t e r i a l  p o i n t .  

The p o i n t  o f  v iew taken here  I s  a cont inuum one where t h e  composite i s  
cons idered a m a t e r i a l  I n  i t s  own r i g h t  and d e t a i l e d  i n t e r a c t i v e  e f f e c t s  o f  t h e  
c o n s t i t u e n t s  a r e  n o t  d i r e c t l y  accounted f o r .  O f  course,  t h i s  p rec ludes  p re -  
d i c t i o n s  o f  d e t a i l e d  phenomena such as f a i l u r e  by debonding, de lamina t ion ,  
e t c . .  However, t h e  r e s u l t  i s  a reasonably s imp le  m u l t i a x i a l  c o n s t i t u t i v e  
t h e o r y  t h a t  i s  e a s i l y  implemented i n t o  s t r u c t u r a l  a n a l y s i s  codes f o r  p r e d i c t -  
i n g  t h e  de fo rma t ion  response of s t r u c t u r e s  sub jec ted  t o  complex thermomechani- 
c a l  l o a d i n g  h i s t o r i e s .  A s  t h e  response i n  t h e  presence o f  m a t e r i a l  a n i s o t r o p y  
I s  o f t e n  h i g h l y  n o n i n t u l t l v e ,  t h i s  p rov ides  a v a l u a b l e  t o o l  f o r  t h e  des ign  
eng i neer . 

Some fundamental aspects  of t h e  theory a r e  exp lo red  i n  t h e  t h i r d  s e c t i o n ,  
t h rough  geometr ic  i n t e r p r e t a t i o n  of some bas ic  f e a t u r e s  analogous t o  those o f  
t ime- independent  p l a s t i c i t y  t heo ry .  Concepts a r e  demonstrated such as convex 
d i s s i p a t i o n  p o t e n t i a l  su r faces  ( F  = constant  o r  Q = c o n s t a n t )  i n  s t r e s s  
space t h a t  a r e  dependent on t h e  s t r e n g t h  and o r i e n t a t i o n  o f  a n i s o t r o p y ,  and 
n o r m a l i t y  o f  i n e l a s t i c  s t r a i n - r a t e  vec tors  t o  these su r faces .  An example 
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i n v o l v i n g  t h e  response o f  a t h i n - w a l l e d  tube under i n t e r n a l  p ressu re  demon- 
s t r a t e s  t h e  q u a l i t a t i v e  changes i n  t h e  i n e l a s t i c  de fo rma t ion  mode t h a t  can 
r e s u l t  f rom d i r e c t i o n a l  s t r e n g t h e n i n g  ( a n i s o t r o p y ) .  

A key i n g r e d i e n t  i n  t h e  p resen t  work i s  t h e  s p e c i f i c a t i o n  o f  an e x p e r i -  
menta l  procedure f o r  t h e  complete d e t e r m i n a t i o n  o f  t h e  m a t e r i a l  parameters f o r  
a p a r t i c u l a r  metal m a t r i x  composite. The parameters r e l a t i n g  t o  t h e  s t r e n g t h  
o f  a n i s o t r o p y  a re  determined th rough  p r o b i n g  exper iments on t h i n - w a l l e d  tubes 
o f  two k i n d s ;  c i r c u m f e r e n t i a l l y  r e i n f o r c e d  ( a  s i n g l e  f i b e r  d i r e c t i o n  o r i e n t e d  
c i r c u m f e r e n t i a l l y )  and l o n g i t u d i n a l l y  r e i n f o r c e d  ( a x i a l  f i b e r  d i r e c t i o n ) .  The 
tubes a r e  loaded i n  bo th  t e n s i o n  and t o r s i o n .  The parameters r e l a t i n g  t o  t h e  
v i s c o p l a s t i c  p r o p e r t i e s  o f  t h e  composi te  a r e  determined p r i m a r i l y  th rough u n i -  
a x i a l  c reep t e s t s  conducted on l o n g i t u d i n a l l y  r e i n f o r c e d  tubes .  A l t e r n a t e l y ,  
as d iscussed,  one cou ld  use pu re  t o r s i o n  t e s t s  on c i r c u m f e r e n t i a l l y  r e i n f o r c e d  
tubes i n  p l a c e  o f  t h e  u n i a x i a l  c reep t e s t s .  A d d i t i o n a l  t e s t s  a r e  suggested 
f o r  assess ing  the co r rec tness  and accuracy o f  t h e  t h e o r y .  
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FIGURE I. - PARAMTERS ACCOUNTING FOR TRANSVERSE ISOTROPY W ,  e ,  
0 ,  Q .  THE LOCAL FIBER DIRECTION I S  DENOTED BY THE UNIT  VECTOR 
di - SPECIFIED BY THE EULER ANGLES 9 AND 8 .  YI I Y,, K I ,  AND K, 
ARE THRESHOLD STRESSES A S  INDICATED. DEFINITIONS OF THE PARAM-. 
ETERS 0 AND ll ARE GIVEN. 
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FIGURE 2. - PROJECTION OF FLOW SURFACE F = 0 ON Ull-U22 PLANE 
(0 = tl = ~ - I S O T R O P Y ) .  UNITS OF STRESS ARE ARBITRARY. 



FIGURE 3 .  - PROJECTION OF FL@W SURFACES F = 0 ON U I 1 - ~ , ,  PLANE 

(0 = = 2). UNITS OF STRESS ARE ARBITRARY. 



7 

at  
I 
I 

( T , i )  4 
I 
I 
I 
I 
I 
I 

FIGURE 4 ( a ) .  - TENSION AND TORSION PROBES SCHEMATICALLY ILLUSTRATED 
I N  THE U-T STRESS PLANE. 

4 ( b ) .  - DATA POINTS THAT L I E  ON A COMMON f = CONSTANT CURVE. 
POINTS A.A HAVE THE SAME DISSIPATION RATE. 
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FIGURE 5 .  - STRESS AND INELASTIC STRAIN RATE PAIRS FROM TORSION 

AND TENSION PROBE DATA ON A LONGITUDINALLY REINFORCED TUBE. 
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FIGURE 6. - TYPICAL CREEP CURVES. 
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FIGURE 7. - DETERMINATION OF B AND n. 
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FIGURE 8. - DETERMINATION OF h AND*/A. 
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FIGURE 9. - DETERMINATION OF ($ + 1)  AND l/fi($ + 1 ) .  
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